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1 Introduction 

In this paper we prove a new continuous dependence result for solutions of the 
Cauchy problem associated to the backward parabolic operator 

ij 3 

on the strip [0,r] x R". 

It is well known that the Cauchy problem for (jl.ip . when the data are given 
on {< = 0} and the matrix (aij )"j^i is supposed to be symmetric and positive 
definite, is an ill-posed problem: due to the smoothing effect of forward parabolic 
operators, the existence of the solutions is not ensured for all choice of data. 
Concerning uniqueness, we can say that an important role is played by the 
functional space in which the uniqueness property is looked for. In fact a classical 
result of Tychonoff in [13 proves that there exists a function u S C°°(R x M") 
satisfying 9(1* - Au = in M x M", u(0, •) = in W\ but tt ^ in all open 
subset of M X R". On the other hand, in 9J, Lions and Malgrange proved that P 
enjoys the uniqueness property in Ui := i?^([0, T], L2(R"))nL2([o, T], ^^(M")), 
provided the coefficients sufficiently smooth with respect to x and 

Lipschitz continuous with respect to t. 
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If one considers the Cauchy problem for (|l.ip as an inverse problem (namely: 
a final time problem) for a forward parabolic operator (see [3 Ch. 3]), it turns 
out that uniqueness is a very weak property. Indeed it furnishes only a qualita- 
tive feature of the solutions and gives no useful information for computational 
purposes. 

In his celebrated paper [S], John introduced the notion of well-behaved prob- 
lem, which is now typical in the context of ill-posed problems. According to John 
a problem is well-behaved if "only a fixed percentage of the significant digits need 
be lost in determining the solution from the data" [HI p. 552]. More precisely 
we may say that a problem is well-behaved if its solutions in a space H depend 
Holder continuously on the data belonging to a space /C, provided they satisfy 
a prescribed bound. 

In their paper jlj, Agmon and Nirenberg proved, among other things, that 
the Cauchy problem for (HH]) is well-behaved in £ C°{[0,T], L^(R")) n 
C°([0,T[, ffi(R"))nCi([0,T[, L2(K")) with data in L^{R"), provided the coef- 
ficients flij 's are sufficiently smooth with respect to x and Lipschitz continuous 
with respect to t. In order to achieve their result, which is stated in a very general 
and abstract setting, they developed the so called logarithmic convexity tech- 
nique. The main step consists in proving that the function 1 1—^ log \\u{t, is 
convex for every solution u G £ oi (jl.ip . In the same year Glagoleva [S] obtained 
essentially the same result for a concrete operator like (|l.ip with time indepen- 
dent coefficients. Her proof rests on energy estimates obtained through integra- 
tion by parts. Some years later Hurd [6] developed the technique of Glagoleva so 
as to cover the case of a general operator of type with coefficients depend- 

ing Lipschitz continuously on time. The results of [H El [6] can be summarized 
as follows: 

For every T' e ]0,T[ and D > there exist p>0, 0<S<1 and M > 
such that, if u G £ is a solution of Pu = on [0,T] with ||u(0, •)|ji2 < p and 
\\u{t,-)\\L2 <D on [0,T], then 

sup \\u{t,-)\\L2 <M\\uiO,-)\\i2. 

ie[0,T'] 

The constants p, M and S depend only on T' and D, on the ellipticity constant 
of P , on the L°° norms of the coefficients Oij 's, bi 's, c and of their spatial 
derivatives, and on the Lipschitz constant of the coefficients Oij 's with respect 
to time. 

In [9l[l][6], Lipschitz continuity of the coefficients a^j 's with respect to time 
plays an essential role. The possibility of replacing Lipschitz continuity by simple 
continuity was ruled out by Miller [11 J and more recently by Mandache [lOj . 
They constructed examples of operators of the form (jl.ip which do not enjoy 
the uniqueness property in Tii. In the example of Miller the coefficients j s are 
Holder continuous in time, while in the more refined example of Mandache the 
modulus of continuity p of the coefficients a^j 's with respect to time is such that 
J^{l/p{s))ds < +00. On the other hand, in [4 the authors of the present paper 
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proved that, if p, satisfies the Osgood condition J^{l/il{s))ds — +00, then the 
operator P enjoys the uniqueness property in Hi - Therefore it would be natural 
to conjecture that if the Osgood condition is satisfied, then the Cauchy problem 
for is well-behaved in £ with data in i^(R"). Unfortunately this is not 

true. Let /Lt(s) := s(l + | logs|). A function whose modulus of continuity is fj, is 
called Log-Lipschitz continuous. Obviously /i satisfies the Osgood condition. In 
the Appendix, we show that it is possible to construct: 



a sequence (i„)„gN of backward uniformly parabolic operators with space- 
periodic uniformly Log-Lipschitz continuous coefficients in the principal 
part and space-periodic uniformly bounded coefficients in lower order 
terms; 

• a sequence {un)nefi of space-periodic smooth uniformly bounded solutions 
of L„u„ = on [0,1] X R2. 

• a sequence (i„)„gN of real numbers, with — > as n ^ 00; 
such that 

\\UniO, •)llL2([0.27r]x[0,27r]) = 

and 

,. Il^in(in, ■, ■)llL2([0,27r]x[0,27r]) 

for every S > 0. 

Therefore it is not possible to obtain a result similar to that of Hurd or 
Agmon and Nirenberg if Lipschitz continuity is replaced by Log-Lipschitz con- 
tinuity. 

If the coefficients a^j 's are Log-Lipschitz continuous in time, we are able to 
prove a weaker continuous dependence result. Our main result can be stated as 
follows: 

For every T' G ]0, T[ and D >0 there exist p>0,0<5<l and M, N > 
such that, if u ^ £ is a solution of Pu = Q on [0,T] with ||u(0, •)||^2 < p and 
\\u[t,-)\\L2 <D on [0,T], then 

sup \\uit,-)\\L2 < Me-^l'°sll"("--)IL2|*^ 
te[o,T'] 

The constants p, M , N and 5 depend only on T' and D, on the ellipticity 
constant of P, on the L°° norms of the coefficients aij 's, hi 's, c and of their 
spatial derivatives, and on the Log-Lipschitz constant of the coefficients Oij 's 
with respect to time. 

As a consequence, going back to John's terminology, if one denotes by 4>{n) 
the number of digits of the L^ norm of the data which are necessary to deter- 
mine n digits of the L^ norm of the solution, one has that 4'{n) grows at most 
polynomially in n. 
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Our proof relies on weighted energy estimates similar to those of Glagoleva 
and Hurd. In order to overcome the obstructions created by the lack of time 
differentiability of the coefficients ai^^'s, we exploit a microlocal approximation 
procedure originally developed by Colombini and Lerner in [5] in the study of 
the Cauchy problem for hyperbolic operators having Log-Lipschitz coefficients. 

The plan of the paper is the following. In Section 2 we introduce notations 
and we state our results: Theorem 1 contains the weighted energy estimates 
that we mentioned above; Theorem 2 is a local continuous dependence result; 
Theorem 3 is a global continuous dependence result. Section 3 is devoted to the 
proof of Theorem 1, while Section 4 is devoted to the proofs of Theorems 2 and 
3. Finally, in the Appendix we outline the construction of a counterexample to 
Holder continuous dependence. 

2 Results 
2.1 Notations 

We consider the following backward parabolic equation 

dtu + ^dx^(ai^j{t,x)dxju) + ^bj{t, x)dxjU + c{t,x)u = (2.1) 

on the strip [0, T] x R" 3 (t, x). We suppose that 

• for aU (i, x) £ [0, T] x K" and for alH, j = 1 . . . n, 

• there exists A: > such that, for aU (t, x, C) £ [0, T] x M" x M", 

• for all i,j = l,...,n, e LogLip([0, T], L°°(M")) n L°°([0, T], Cfc2(R")) 
and bj, c e L°°([0,r],Cfc2(E")). 

We set 

A,, sup r l^..-M)- a,,-(.,x)| , , ■ ^ . . . ^ „^ ^ ^ 
|t-s|(l + |log|t-s||) 

t,s£ [0,T], < |i- s| < 1}, 
A:^snp{\dy.,,,{t,x)\ : ^,J = l,...,n, a e N", \a\ < 2, 

{t,x) G [0,T] X M"}, 
B:=sup{\d^b,{t,x)\ : j = l,...,n, aeN", |a| < 2, 

{t,x) e [o,r] X M"}, 

C sup{\d^c{t,x)\ : a G N", |a| < 2, {t,x) G [0,T] x R"}. 
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2.2 Weight function 

For s > 0, let /i(s) = s(l + | logs|). For r > 1 we define 



t) := — -ds = log(l + logr). 

Jl/T 



The function 9 : [l,+oo[^ [0,+oo[ is bijective and strictly increasing. For 
y g]0,1] and A > 1, we set ipxiy) := 6^^{—X\ogy) = exp{y^^ — 1) and we 
define ^ 

<^>x{y) := ^ i^\{z)dz. 

The function <I>a : ]0, 1] — > ] — oo, 0] is bijective and strictly increasing; moreover 
it is easy to verify that it satisfies 

y^'iiy) = _A(<i>',(y))V(^) = -A$',(y)(l + |log^|). (2.2) 

We collect in the following lemma, the proof of which is left to the reader, some 
interesting and elementary properties of the functions tAa and '^x. 

Lemma 1. Let C > 1- Then, for y < 

MCy) - exp(c-^ - i){My)F'- (2.3) 

Define A.x(y) := y^x{^/y)- Then the function Ax : [l,+oo[— >] — oo,0] is 
bijective and 

lim --Va(— ^) = +(X3. (2.4) 

z^-co z (z) 

2.3 Main results 

Let £ C"([0, T],L'^{W')) C°([0, r[, ffi(M")) n C\[0, r[, L2(M")). 

Theorem 1. There exist A > 1, ai, 7, M > depending only on All, A, B, C , 
k, T such that, setting a :— maxjai, 1/T}, a :— l/a and choosing t g]0,(t/2[, 
f3 ^ cr + T, A>A, 7>7 and if u € £ is a solution of the equation i2.1\} . then 



< m((s + T)e2^^e-2/3*-«^+^)/«||w(.s, Ollffi-.. (2-5) 
+r$',(r//3)e-2/'*^(-/«||z.(0,.)||i.), 

for all < 3 < (7. 



5 



Theorem 2. There exist a > such that for all a g]0,(t/4[ there exist p, M, 
N, S > such that, ifu €z £ is a solution of the equation \2.1\) with ||u(0, < 
p, then 

sup \\u{t, < M(l + \\u{(j, ■ 

)||^,)e-^(|iog||u(o,.)||,.|)^^ (2.6) 

te[o,CT] 

Theorem 3. For all T' e ]0, T[ and for all D > there exist p' , M' , N' , S' > 0, 
depending only on All, A, B, C, k, T, T' , D, such that if u £ £ is a solution 
of the equation 112. 1\) with sup^^jQ •)||/^2 < D and ||u(0, •)||l2 < p' , then 

sup ||w(i,-)||L2 <Af'e-^'l'°sll"(0'-)lli--l''. (2.7) 
te[o,T'] 



3 Proof of Theorem 1 



3.1 Dyadic decomposition 

We collect here some well known facts on the Littlewood-Paley dyadic decom- 
position, referring to [2] and [3] for the details. Let cp G C°°(]R), (p{x) = 1 if 
a; < 1, (f{x) = if X > 2, (f decreasing. We set (po{^) ~ and, if v is an 

integer greater than or equal to 1, ip^{S,) — (poi^f^") ~ 'Po{S./'^'^~^)- Let w be a 
tempered distribution in i7^°°(R"); we define 

w^{x) = ip^{D^)w{x) = J e"-^ip^{Ou!{£.)d^ 



1 



(p^{y)w{x - y) dy. 



(27r)" 

For all z/, Wi, is an entire analytic function belonging to . We have 

• for all > 1 

r-^\\wA\L-^ < liv.i..|i(i.),. < 2''+'\\w4l-^, (3.1) 

where the inequality on the right hand side holds also for ly — 0; 

• there exist K such that, for all s G [0, 1], 

22«''lll/,.,ll?, < |U„||2,. < 

K 



KY,2'nMh < Mh < -f^Y.'^'nMh; (3.2) 



i/=0 



• if the function u : [0,r[^ ^^(R") is of class C^, then the function Ui, : 
[0,T[^ (^^(R") n i?"(M^) is of class for all s > and for aU m e N 
and, for all s > and for all a G N", 

dtdy^ = d^dtu^ e C°([0, r[xM") n C"([0, r[, L^{W)); 
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• a a e C^(R"), then there exits Q > such that, for all i/, ^ G N, 

r if \fi-„\< 2, 

[ Q2-2'"ax{,.,M} if \fi~iy\> 3, 

where [(p,y{Dx),a]w{x) = {ipL,{Dx){aw)){x)—a{x){(p,y{Dx)u){x) is the com- 
mutator between ip^{Dx) and a, || • \\c(l'^.l'^) denotes the norm operator 
in Li^ to and the constant Q depends only on ||a||c2. 

3.2 Preliminaries 

Let u{t,x) e £ be a solution of the equation (|2.ip . We set 

u,y{t,x) := (piy{Dx)u{t,x), Wiy{t,x) 1= if y{D x)w{t , x) , v„{t,x) := 2~°"'*Wi,{t,x), 
where the constants a, X and 7 will be determined later, cr := r is chosen 
in ]0, (t/2[ and P > a + t. The function satisfies 

dtv„ = "fVi, - ^^dx,{aij{t,x)dxjV^) - - a{\og2)iyv^ 

^ (3.3) 

" 2^ x)dxjV„ - c{t,x)vi, + X^{t,x), 

j 

where 

■.^-Y,dxA[MDx),a,^,{t,x)]2-"'''dx^w) 

Y,[MDx),b,{t, x)]2-''-''dx,w - iMDx), c{t, x)]2-"'''w. 



1,3 



Setting Ait,x) := (ai,^- (t, a;))^^-^! £ Al"^" and := (6j(t, G R", 

we compute the scalar product of (|3.3p with (t + T)dtVi, and we obtain 

[t + T)\\dtV,{t,-)\\l, = -i{t + T){v,{t,-),dtV,[t,-))L2 

+ {t + T){Ait, ■)VxvAt, ■), Vxdtv^it, •))(L2)" 

P 

-a(log2)z.(t + T)K(t, •), dtv^it, ■))l2 (3-4) 
-{t + T)(B{t, •) • V,w,(i, •), ftwi.(t, ■))l2 
-{t + T){c{t, ■)vy{t, ■),dtVy{t, ■))l2 

+ {t + T)(X,{t,-),dtV,{t,-))L2. 
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1 1 

s e R. We set, for e e]0,l] 



Let now p £ C^{M.), with suppp C [— i, i], J^p{s)ds = 1 and p{s) > for all 



ai.j,e{t,x) := [ ai,j{s,x)-p{ -)ds. 

Jr e e 

We deduce that, for all e G ]0, 1], 

k\e < < (3.5) 

|aij_e(i,2:) - ai^j{t,x)\ < Allp{£), (3.6) 



and 

We set 
and 



\dta,,Ut^x)\<ALL\\p'\\L^^. (3.7) 



:= aij,£ with e = 2 , 



Ai, :— {aij^,^{t, x))"j^i. 

In the second and fourth term of the right hand side part of (|3.4I) we replace 
A with (A ~ Ay) + Au and dtv^ with the quantity given by (|3.3p . respectively. 
We obtain 
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(t+Tmv,{t,-)\\i. 

+ + r){A,{t, ■)V^v,it, •), V,w,(i, •))(L2)") 

-^(^ + T){dtA,{t, ■)W,v,{t, •), V,?;,(i, •))(L2)'^ 
+ (t + r)((A(t, •) - A,{t, •))V,w.(t, •), V,9tw,(i, 

^|(^(i + r)*'A(^)ll«.(i,-)lli.) + ^<I''A(^)ll«.(i,-)lli^ 

-a(log2)iy{t + T){A{t, ■)V.:,v,{t, •), V,f,(t, •)>(l2)" 
+a(log2)Kt + r)ci>',(^)||t;.(t,.)||i. 

+a(log2)i/(i + T){v,{t, ■),B{t, •) • V,t;,(t, 
+a(log2)z/(t + T)(w,(t, •), c(t, ■)v,{t, ■))l2 
^a{\og2)v{t + T)(i-,(t, •), X,{t, 

-(< + T){B{t, ■) ■ V.,v,{t, •), dtv^it, •))l2 

-(i + r)(c(t,-K(t,-),9t«.(i,-))L-^ 
+ (i + r)(X,(i,-),9t^',.(i,-)>L^- 

3.3 Estimate for u = 

We consider p.Sp in the case of = 0. Using Holder inequality, the inequalities 
(|3.6p . (|3.7p and the fact that || V2;i;o|| (^2)^ < 2||i;o||i2 and the similar inequality 
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for dtVo, we deduce that, for t £ [0, cr], 

{t + T)\\dtVo{t,-)\\h 

<|(J(t + r)|ko(i,-)||i.)-5lko(t,-)lli. 

+ + r){Ao{t, ■)V^va{t, ■),V,va{t, •)>(L2).) 



+2nAii||p'|Ui(i + r)||«o(<,-)ll 



L2 



-|(^(< + -)'i>A(^)ll«o(^,-)lli.) 

+ ^<I''A(^)ll-o(V)lli. + ^^<i>^((^)lko(t,-)lli. 
+8nB2(t + T)\\vo{t, + i(t + T)\\dtVo{t, 
+2C'it + T)\\voit, + i(t + r)\\dtVoit, 



+ {t + T){X,{t,-),dtVo{t,-)) 



L2. 



Choosing 7 such that | > {2nALL\\p'\\L^ + ^^n^Al^ + 8nB^ + 2C'^)((j + r) 
the term 

+2nALL\\p'\\L^{t + T)\\vo{t, •)|li2 + 32n^Al^{t + T)\\vo{t, Olli^ 
+8nB\t + T)\\vo{t, Olli. + 2CHt + T)\\vo{t, OH^. 

is absorbed by —j\\vo{t, ■)\\^2- 

Recahing that ^\ satisfies (|2.2I) . i. e. 

y$:((y) = -A<i>',(y)(l + |fog^|), 

with A > 1, the term *+l)||wo(t, .)||2^ is balanced by i^$';((^±^)||wo(i, •)lli2. 
We obtain 

^^(t + T)\\dMt,-)\\h < J^(.lit + r)\\voit,-)\\h)-l\\vo{t,-)\\h 

+ + T)(Ao{t, ■)V^voit, •), V,«o(i, ■))(L2)") 

-^{Ao(t, ■)Wa:Vo{t, •), V:,i;o(i, •)>(l2)" 
-j^{l{t + rW/-±^)\\vo{tr)\\h) 

+ {t + T){X,{t,-),dtVo{t,-))L-. 
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Integrating the previous inequality between and 5, with s < cr, we have 
-/ {Ao{t,-)V^vo{t,-),V^voit,-))^L2j„dt + l \\vo{t,-)\\l2dt 



2 _ 

< 2 ^ 'r)(^o(s, •)V2;Uo(s, •), Va;Wo(s, •)>(L2)" 

+ ^(^ + r)||«o(.r)lli. + ^r$',(I)||z;o(0,.)lli. 

^ ^ \\vo{tr)\\hdt-^J {t + T)\\dtVoit,-)\\l2dt 

S 

{t + T){X,{t,-),dtVQ{t,-))L2dt, 

where on the right hand side part some negative terms have been neglected. 
Again from the fact that || Vj^doU (l2)ti < 2||t;o||L2, using also (|3.5p . we finally 
deduce 



|2 



\\voit,-)\\hdt < (2k-' + l)(s + T)\\vo{s,-)\\l. 

I \\Mt.-)\\l^dt 

(3.9) 



+ \r'^'x{^)h,{0,-)\\l.-l f \\v,{t,-)\\l.dt 



{t + T)\\dtVo{t,-)\\l,dt 

'S 

[t + T){X,{t,-),dtVo{t,-)) L2 dt. 
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3.4 Estimate for z/ > 1 

We consider (|3.8p in the case oi v > 1. Using again Holder inequality, the 
inequalities (|3.6p . p.7p and p.ip . we have that 



(t + T)||c>tW,(t,-)|| 



L2 



<|(|(i + r)|k.(i,-)lli.)-|lk.(i,-)lli2 

•)V:,W^(t, •), V:,W^(t, •))(L2)„ 

+2(1 + 2\og2)nALL\\p'\\LMt + T)2"'\\v,{t, 

+32(1 + 2\og2fn'Al^vHt + T)||i;,(i, OHi^ + \{t + T)\\dtv,{t, Ol'' 



L2 



■|(^(i + -)'i>A(^)ll-.(i,-)lli.) + ^<i'A(^)lk.(^,-)lli. 

"|L2 



2/3 (3 

-a{\og2)K{t + r)22''||^;.(^, + a{\og2)u{t + r)a>U^)^.(t, Olli^ 
W{\og2fv\t + T)\\v,{t,-)\\l. 

+a2{\og2)n^'^Bu{t + r)2''||w,(i, •)||i2 

+a{\og2)Cy{t + T)\\v,{t,-)\\l, 

+i2nB\t + T)22-||«,(t, + \{t + T)|19,i;,(i, OHi. 

+2C\t + r)||«.(t, Olli. + i(t + Tmv,{t, oiii^ 
-a(log2)z/(t + r)K(i, ■),X,{t, 
+ (f + T)(X,(i,-),c'tw.(i,-))L2- 
Let now a = max{T~^, ai}, where 
Ifi 

ai y— -(2(1 + 21og2)nAii||p'|Ui +32(1 + 21og2)2n2Aii + 32nB2), 
K log 2 

then 

-|(log2)^i.22'' + 2(1 + 2\og2)nALL\\p'\\L^i^2''' 

+32(1 + 2 log 2)^n^Alj^iy^ + 32nB222'' < 0, 
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and the term 

2(1 + 2log2)nALL\\p'\\LMt + r)2'"'\\v^{t, •)||i2 
+32(1 + 2log2fn''Alr^u\t + T)\\v4t, ■)\\l2 
+32nB^{t + T)2^-'\\v4t,-)\\l2 

is absorbed by -f (log2)|i/(i + T)2^''\\v,{t, OH^,. 

Since y ^'l{y) = -A ^'x{y){'^ + \ log supposing A > 2 we have 

and the term ^^'^{^^)\\v,{t,■)\\h is absorbed by i*±i$';(i±i)||i;,(t, 
Consider now the term 

a{\og2Ht + T)^'/-±^)\\vAt,-)\\h. 
Let k' = mm{k, 16}. If u > (log2)-i log(f $';,(^)), then 

-|(log2)^^22^ < -a(log2)$l(^)z.. 
On the contrary, if < (log2)-i log(^$';^(^±^)) then ^$';^(^±^) > 2^, so that 



/3 // "^^"^^^ fc' 



<-Ja(.u^))V^^) 

<-^A^*^(^)(l + .log2) 

< _A^$',(i±lK 
48 ^ ' ' 

where we have used the fact that the function \x is increasing. Consequently if 
we choose A in such a way that 

AfcMog2 ^ n ^ ^ ■ \ ^ 48q(c7 + r) 
— — > a(log2)((T + T), I.e. A> , 

then, \iv< (log2)-i log(|^$';^(^±2:)), ^e have 

4^ ^^^^ - -"(l°g2)(t + r)$';,(-^K 
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In conclusion a{\og2)iy{t+T)<i>'^C-^)\\v^{t, OH^a is balanced by -f (log 2)|j/(t+ 

T)2'^''\\v^{t,-)\\l2 + j*-^^x{^)\\v„{t,-)\\l2. We remark that the computations 
here above are the main cause for the introduction of the weight function ^x. 
Consider now the sum 

a\log2f{t + ryWv^t, + a2ilog2y/^ B{t + T)u2-'\\v,{t, 

l{u> (log2)-ilog(i(16alog2 + 32ni/2S)) =: then 

- 1 (log 2)^1/22'' + (a2(iog2)2z/2 +a2(log2)n^/2Bi/2") < 0. 

If < (log2)-ilog(i(16alog2 + 32ni/2^)) = D^, choosing 7 in such a way that 
7 



we obtain 



^ > {a\log2fu^ + a2{log2)n^/^Bi^i2'''){a + t), 



~ + (a2(log2)2:/2 _^ a2{\og2)n^/^Bv2''){t + r) < 0, 



and consequently the term a^{\og2f{t + r)z/2||wy(t, + a2{\og2)n^/'^B{t + 
T)y2'^\\v,{t,-)\\l. is absorbed by -f(log2)|i.(t+T)22-||t;.(t,.)||i.-ilk.(t,-)|li2. 
Consider finally 

a(log2)C(< + T)v\\v,{t, + 2C\t + T)\\v,{t, OHi.. 

If we take 7 such that 

^ a(log2)C + 2C2 
a log 2 

then 

-a7(log 2)u + a{\og 2.)Cu + 2C^ < 0, 

and the above quoted term is absorbed by — a7(log2)z/||i'i,(t, •)|||2- 
Summing up, we set 

ai := rr^(2(l + 2\og2)nALL\\p'\\Li + 32(1 + 21og2)2n2Ai^ + 32715^), 
fclogi 

a := max{T~^, ai}, a:=l/a, fc' := min{A;, 16}. 
We choose t & ]0,a/2[ and we define 

ui := (log2)-Mog(i(16alog2 + 32ni/2B)). 
k 

We choose A, 7 in such a way that 

48a(c7 + r)-, 
X>max{2, ^- '-}, 
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Then, for all /3 > cr + r and for all > 1 we have 

l{t + Tmv4t,-)\\h < f^il{t + r)\\v^{t,-)\\h)-l\M,-)\\h 

+ + T){A4t, ■)V,vAt, •), ^xV^t, •))(L^)") 



--(log2)-(t + r)i.2nk.(t,-)lli. 



a , A: 
4(log2)-( 

a{\og2){t + T)v{v,{t,-),X,{t,-)) 



+ it + T){X,{t,-),dtVo{t,-))L^. 

We integrate this last inequality between and s, with s < a, and we obtain 

+ |(5 + r)||^^.(.,•)lli. + ^r$^(^)||«,(0,•)|li. 
ak{\og2) 
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(t + T)i.22-|h.V(t,-)|li2dt 

+ T)v{vv{t, ■),X^)l2 dt, 



-a(log2) / 
Jo 

+ [ {t + T){X,{t,-),dtV,{t,-))L^dt, 

Jo 

where again on the right hand side part some negative terms have been ne- 
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glected. Using (|3.5p and p.ip we obtain 

2^-^\\vAt,-)\\hdt+l J^^ \\vAt,-)\\hdt 

< + 2)(,s + r)||tv(s, + $^(^)||z;.(0, OHi. 

l^.(^,•)lli2d^-^^'(^ + T)||9i^;,(^,.)||i2d^ 

16 Jo \Wii^-)\\L^dt 

-a(log2) / {t + T)v{v,{t,-),X,)L2dt, 



{t + T)(X,{t,-),dtVoit,-))L^dt. 



(3.10) 



3.5 Estimate for the commutator term 

We collect together (|3Jl) and (|3TT0| . We deduce that 

i/=0 1^=0 

+r*'^(^^Ell«'^(0'-)lli^ 

„S +00 p. „s +00 

-? / Ell^-(^'-)lli^^i- o / (t + r)5]||a*^;.(t,-)l!i.di 

-a(log2) / {t + T)y2i^{v,{t,-),X,)L2dt, 

+ / (i + r) V(J^,(^,•),9t^'o(^,•)>L^c^^■ 
Now we want to estimate the last two terms: to do this we shall follow essentially 
the ideas contained in [3] . We recall that 

X^{t, x) = Xl{t, x) + Xl{t, x) + Xl{t, x), 
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where 

Xl{t,x) ~-Y}Pu{D^)Mt,x)]2-'^'''d,,w, 

Xl{t,x) := -[</,(D,),c(t,x)]2-«^*w. 
We start with 

+ OC 

'^{Xl{t,-),dtV,{t,-))L2 
i/=0 

i,j f-V. 

where tp^iD^) := (yj^_i(Da;) + (^^^(-Dx) + >PiJ,+i{Dx)- Consequently 

+ 00 

\J2{Xl{tr),dtv.{t,-))L^\ 

We know that there exists Qa > such that 

r 3Qa2-^'' if l/x-i^l < 2, 

\\[v>,^{Dx), aij]->pf,{D^)\\c(L^ ^L^) < I 

[ 3Qa2-'^""^^'''^'^ if |m-2^|>3. 

Setting fc,,^(t) := 2-«('^-'')*2-||[<^,(Dx), a„]V'^p,)||£(i2,i2), for < t < 1/a, 
we get, for a fixed > 0, 

El'^''.^(^)l ^ E 2-"(''-'')*2'^3QA2-^'"^^-f'''''> 

(li |([i-!^|>3 

+ ^ 2-«(''-'')*2''3Qa2"^'' 

t*— 3 +00 

< ^ 2-«(''-'')*2''3Qa2"^'' + ^ 2-"(''-'')*2''3Qa2"^'' 

ju=0 Z/+3 

+3gA(2-^"* + 2""* + 1 + 2"' + 2^"*) 

< 30 Qa. 
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On the other hand, for a fixed > 0, 

|a(-i/|>3 

v—IJ,—2 

— 3 +00 

< ^ 2-"(''-'')*2''3Qa2"^'' + 2""(''-'')*2''3Qa2-2'^ 

+3Qa(2^"* + 2"* + 1 + 2""* + 2-2«*) 

< 35 Qa. 

Prom Schur's criterion it follows that 

+00 +00 +00 

l5^(X^(i,.),a,t;.(i,.))LH<ri'l40gA(^22''||^;^||i.)^/'(^||9t«Jli.)'/', 

1^=0 i/=0 i/=0 

and then, for all 7? > 0, 

+ 00 ^ 2-1 yifi \2 +00 +00 

!/=0 ' v=0 i/=0 



Arguing in a similar way we deduce that for all 7/ > there exists Qr, > such 
that 

+00 +00 +00 



i/=0 v=0 v=0 

and there exists Qi > such that 

+00 +00 

i/=0 i/=0 
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3.6 End of the proof 

We have now 

+00 „s +00 



k 



„t( „S -T' ' 

9 +°° +00 

<-is + r)J2 '^'"WMs, ■)\\h + + t) E WMs, ■)\\h 

v=0 v=0 



-J / E Olli^ - ^ / it + r)Yl -nh dt (3.11) 

r(i + r)g.2-|MV)||i.c^^ 
+a(log2)Qi / {t + T)Y^2'^\\v.{t,-)\\l.dt 

„s +OC +00 

"^0 ,,_n ,,— n 



i/=0 1^=0 

We choose r? in such a way that ?? < | and then 

+00 +00 



^Jo t^r> Jo f-'n 



v=0 j/=0 

Now if V is such that 

^^^j/> Q^ + a(log2)gi, 

then 

-i/22''>Q^22'' + a(log2)Qi2 
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Consequently, setting 92 := (16/(Q!A;log2))((3^ + a(log2) Qi), we have 

+00 



I dt 



+a(log2)Qi / (t + r) E S'll^-l*. Olll^ ^ 

/.S +00 

/ (t + T) E 2'1|t;.(t,-)|li2di <0. 

Finally, eventually choosing a larger 7 in such a way that 
I > (CT + T)(Qia(log2)+Q^)22^=, 
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we obtain 



7 



/ ^ ||i^.(<,-)lli2di + a(log2)Qi / (i + r) ^ 22''||i;,(t, 



The inequality (|3.1ip becomes 



— |— — |— 

^<i'A(^)Ell^''(0'-)lli- 



2 ^^(3' 



From this, going back to the function u^, we have 
k 



r ' — 
7 / e2^*e-^''*^('*^)y2-2"-*||u,(t,.)|l2,dt 

^ Jo Zr'n 



i/=0 



!y=0 

+ 00 

and (|2.5p foUows immediately from p.2p , concluding the proof of Theorem [TJ 

4 Proofs of Theorems [2] and [3] 

We start with a lemma that will be used in the proof of Theorem 2. 

Lemma 2. Let u £ be a solution of equation \2.1\) . Then there exists 70 > 
such that if j > 70 then the function Eit) :— e^'''*||u(i, •)||^2 is (weakly) 
increasing. 
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Proof. It is sufficient to compute tlie derivative of E{t). We obtain 

j^ie'-^'Mt, OHIO - 27e2^*|lu(t, + 2e^^'{u{t, ■), dtu{t, 
= 27e2^*||«(i, •)||i2 + 2e^'"{A{t, •)V.u(i, •), V,u(i, 

-2e"^\{B{t, ■)VMt, ■), <t, + {c{t, ■)u{t, ■),u{t, 

-2e27V/2B||V.w(t,.)l!(L^)"||^i(i,-)||L^-2e2''*C|lu(t,.)|li., 
and the conclusion follows easily. □ 

Let us come to the proof of Theorem [2l Let a, A, a, 7, M as in Theorem [TJ 
We choose A > A and 7 > max{7,7o} where 70 is given by Lemma [2j We set 
T = f - 2a (we recall that a € ]0, cr/4[ and then f - 2ct e ]0, a/2[ ). Then (^3]) 
gives 

for all /3 > cr + T. Let now s G [0, a]. Then 2s + T<2a + T<^<a and 
consequently 



2s+T 



where we have used the fact that •)||i2 < -jll^i-ct . From Lemma[5] 
\\u{t, •)||l2 is increasing. Also the function is increasing and consequently the 
function 1 ig decreasing. We deduce that 



|2 
L2 



Then 



/3' 
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where M depends on cr, r, 7 and M . We recall that the function <I>a is concave, 
so that 

and then 



From (|2.3p we have that 

*a(^) = V^a(^^) = exp((-— ) - l)(v^A(^)j 
Then, setting 5 := ((cr + t)/t)^^ we obtain that there exists iV > such that 

h(s, ^Wh < MM-p) eM-N[M^)Y){\\u{<j, ^Wh + 6-2^*^(^)^(0, oili^). 

We choose now /3 in such a way that e"'^*^*-^) = ll^(Oi i- e. 

^$.(^) = ilog|lu(0,.)||L- 
T (j T 

We obtain /3 = tK^^{- log ||u(0, OIIl^) and then there exists p > such that if 
I|w(0,-)IIl=^ < P. then /3 > cr + r. 
Finally we have 

ll^(., < i^exp(-f[^,( I )n(h(^, Olli^ + 1), 

2 A i(ilog||w(0,-)||L2 

and, from (12. 4|) . 

|jw(s, Olli. < A^exp(-i^[i log ||u(0, •)||L^]')(h(a, Olli. + 1). 

r 

The inequality (|2.6p easy follows, concluding the proof of Theorem [21 

To prove Theorem [3] it is sufficient to iterate a finite number of times the 
local result of Theorem [5] choosing for instance a = (t/8. 



Appendix 

In the construction of the following example we will follow closely (T^ (see also 
m). Let A, B, C, J be four C°° functions defined in M with < A{s), B{s), C{s) 
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< 1, -2 < J(s) < 2 for all s e M and 



A{s) 


= 1 


for all s < -, 

5 


A{s) 


= 


for all 


1 




B{s) 


= 


for all s < or s > 1, 


Bis) 


= 1 


for all 


1 


1 

2' 


C{s) 


= 


for all s < ^1 

~ 4 


C{s) 


= 1 


for all 


1 




J(s) 


= -2 


for all s < — or s > — , 
- 6 ~ 2 


J{s) 


= 2 


for all 


1 

5^^^ 


1 

3' 



Let (a„)„, {zn)n be two real sequences such that 

< o„ < o„+i for all n > 1 and lima„=+oo, (-^-1) 

n 

1 < Zn < Zn+1 for all n > 1 and limzn = +oo. (-^-.2) 

n 

Let us define r„ — a„+i — a„, qi = 0, Qn = J2k=2 ^kTk-i for all n > 2, and 
Vn = {zn+\ — Zn)rn- We suppose that 

r„ < 1 for all n > 1, (A.3) 
Pn > 1 for all n > 1. (A.4) 

We set An{t) = ^(^), B^{t) = B{i^), Cn{t) = C{^^) and J„(t) = 
J(^). We define 

Vn{t,xi) = exp(-g„ - Zn{t - an))coii./z^Xi, 

Wn{t,X2) = exp(-g„ - Zn{t - an) + Jn{t)Pn) COS y/z^X2, 

and, for no > 1 to be chosen, 

U{t, Xi,X2) = Vno{t,Xi) 

for all t < ttno, {xi,X2) € M? and 

U{t, Xi,X2) = An{t)Vn{t,Xi) + Bn{t)Wn{t, X2) + Cn{t)Vn+l{t, Xi) 

for all n > no, a„ < i < an+i and (xi, 2:2) £ M^. If, for all a, /3 7 > 0, 

liniexp(-g„ + 2pn)z^_^_^pf^r-^ = 0, (A.5) 

then u is a Cg'(IR^) function, where denotes the smooth functions which 
are bounded with bounded derivatives. Wc define 

{1 for all t < Ol, 

1 + Jn{t)pnZ„ for all a„ < i < o„+i. 
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The condition 

n>no 



sup {p„r„iz„i} < — i| (A.6) 



guarantees that the operator L — dt — d^^ — l{t)d'^^ is parabolic. The function I 
is smooth and it is Log-Lipschitz continuous on R (i. e. 

W2)-l{tl)\ , . 

sup 1 ' , , , — ,, — — < +00) 

ti<V. |i2-ii|(| log K2- till + 1) ' 



under the following condition 



Finally we define 



sup " " } < +00. (A.7) 

» ''nl0g( — ) 



, ^ 

, r. 

Lu 



and, as in T^, the coefficients 61, 63, c wiU be in Cg'(K3) if, for all a, /?, 7 > 0, 

limexp(-p„)z^+iP^r~'^ = 0. (A.8) 

n 

We set 

fli = 0, a„ = > — for all n > 2, 



and 

z„ = n 



for all n > 1. 



With these choices the conditions (jA.ip . (|A.2p . (|A.3p and (|A.4[) are trivial and 
also (lA.Sp . (|A.7p and (jA.Sp are easily verified. From (|A.7p and the fact that 
lim„ r„ = we deduce that 

limp„r^^z^^ = 0, 

n 

consequently it is possible to choose tt-q such that (|A.6p is verified. 
Let now 

= [exp(exp(fc))] + 2 and 712, fc = [exp(exp(fc + i)] + 1, 

where [x] denotes the integer part of x and where fc is taken in such a way that 
> J^o- We fix, for h = 1,2, 

th,k — Ctnh,k ^ '"ii 
J = l 
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We have limfc ti^k — +00 and 

t2,k - h.k = y^rj< — dx < / — dx 

i="i,fc 



xlogx 7cxp(oxp(fe)) xlogx k' 



so that hm/j i2,fc — ii.fc = 0. Our intent is to prove that 

r exp(-g„ ) 

lim ; — - — ■ — - — +00 (A. 9) 

k exp(-dq„2 J 

for aU S g (0, 1). Since, by the choice of (a„)„ and (zn)n we have that qn = 
J2'j=2 T' I log j, it is immediate to obtain that 



n 



3 

i,fc 



log(ni,fc) 



and (|A.9|) is a consequence of 



hm(5(g„ , + - — Ti^(n2,fc - - = +(X). 

fe log(ni,fc) 

This resuh wiU be imphed by 

n\ J, 

hm(5- — — ^(?^2,fc - «i,fc) - ^ = +00, (A. 10) 

k log(ni^fc) 

for all 8 £ (0, 1). Easily we have that qn-^ ^ < nf f. for all k and consequently 
(jA.lOp may be deduced from 

hm - — ; — n. I. — +00 

fc log(ni,fc) 

i. e. 

YiTaS' - — H — 7 — nik = +00 for all 5' e (0, 1), 
k \og{ni,k) 

which can be elementary obtained substituting ni^k and n2.k with their values. 
Summing up we have the following result. 

Theorem 4. There exist 

• I eC°°{R), I Log-Lipschitz continuous, 1/2 < /(t) < 3/2 for all t £ R, 

• bi, 62, c and u G C'§'{R?), 2Tr-periodic with respect to x\ and X2, 

• (ii.n)n; (^2,n)ri increasing sequences m K, 1 > <2.n ^ ^i.n > /or aZZ n, 
lim„ ii^n = +00 and lim„ t2,ri ~ ti,n = 0, 
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such that 

dtu — d^_^u — Id^^u + bidx^u + b2dx2U + cu = 
for all {t, xi,X2) € and 



lim 



\W{ti^n, •, •)II-L2([0,27r]x[0,27r]) 



= +00 



" \\u{t2,n, •, •)llL2([o^277]x[0,27r]) 

for all5 e (0,1)- 

We define now, for {t,xi,X2) € [0, 1] x M^, 

Lit) =l{t2,n-t), 
Un{t,xi,X2) = u(i2,n - <, a:;i,a::2), 
and similarly for 6i_„, 62, « c„. We set i„ = i2,n — ii,n and 

in = 9t + + lndx2'^ - h^dxi - b2^ndx2 " c„. 

We have that (L„)„ is a sequence of uniformly backward parabolic operators 
with uniformly Log-Lipschitz continuous coefficients in the principal part and 
uniformly bounded coefficients in lower order terms. {un)n is a sequence of 
smooth uniformly bounded solutions of i„u,i = on [0, 1] x M^, with 

lim ||u„(0, •, ■)IU2([0,27r]x [0,271-1) = 0. 

We have that lim„ <„ = and 



WUnjtn, •)||L''([0,27r]x[0,27i-]) 
" •)lli2([o,27i-]x[0,27r]) 



lim 



= +00 



for all 6 £ (0, 1): it is not possible to obtain a result similar to that of Hurd 
or Agmon and Nirenberg [Jj if Lipscihtz continuity is replaced by Log-Lipschitz 
continuity. 
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